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Mud pumpingThis paper ﬁrst presents a simple frost heave model. Frost heave is assumed to be caused by the formation of ice
lenses in a freezing soil. The formation of ice lenses is governed by the Clapeyron equation of thermodynamics
and relies on the existence of a frozen fringe between the frozen and unfrozen zones. Both unfrozen water and
ice co-exist in pores of the frozen fringe. The suction at the water–ice interface is the driving force for the
water ﬂow that feeds the growth of the ice lens. The initiation of a new ice lens is governed by a simple effective
stress concept. The frost heavemodel contains only a few soil parameters and can be used to compute frost heave
and frost penetration in stratiﬁed soil proﬁles. The second part of the paper illustrates the application of the frost
heave model in assessing the frost susceptibility of different soils. It is shown that the frost susceptibility of a soil
must be assessed together with environmental conditions such as overburden pressure, temperature gradient,
cooling rate and the depth of groundwater table. A soil that is only mildly susceptible to frost according to clas-
siﬁcation can still generate a signiﬁcant amount of heave or heaving pressure under favourable environmental
conditions.
© 2013 Elsevier B.V. All rights reserved.1. Introduction
Studies on frost action in soils such as frost heave and thawweaken-
ing ﬂourished in 1960s to 1980s, andmuch research activities were car-
ried out in cold regions like northern America, northern Asia and
northern Europe. Recent infrastructure developments such as railways
and highways in northern and western China have led to new interests
in the problem (Cheng and He, 2001). For example, one of the main
challenges in constructing the Qinghai–Tibet railway is to protect its
550 km permafrost foundation from thawing (Cheng, 2003, 2005; Lai
et al., 2003, 2004; Ma et al., 2002, 2009). The observed substantial
amount of frost heave along the high-speed railway between Harbin
and Dalian in northern China has mainly occurred in coarse ﬁlls that
were considered non-susceptible to frost heave (Sheng et al., 2013). Re-
searchon frost heave and frost action in soils has once again rejuvenated
in China (Lai et al., 2013; Ma and Wang, 2012).
Frost heave refers to the volume expansion when a soil freezes. It is
one of the two most detrimental effects of frost action in soils, with the
other being thaw weakening. Differential frost heave caused by non-
uniform frost penetration or non-uniform soil proﬁle is most destruc-
tive to foundations and pavements. Longitudinal cracks observed in
the centre of pavements during winter time are typical results of differ-
ential frost heave. Because signiﬁcant frost heave is usually due to the
accumulation of ice lenses in the soil, frost heave is in essence also re-
sponsible for or the cause of thaw weakening. A frozen soil withoutights reserved.much ice does not lose much of its strength when it thaws in spring
time. It is therefore crucial to study and predict frost heave of freezing
soils.
Freezing of a moist soil is essentially a process coupling heat and
mass transfer. When a saturated ﬁne-grained soil is subjected to a
subfreezing temperature, part of the water in the soil pores ﬁrst solid-
iﬁes into ice, i.e. pore ice particles. Close to soil particles andmore tightly
bound to them, a ﬁlm of unfrozen water however remains. This
adsorbed water ﬁlm has lower free energy at a lower negative temper-
ature. Therefore a gradient in the water potential develops in the same
direction as the temperature gradient. Water can then be sucked up
from the warm portion to feed the accumulation of pore ice. As the
pore ice particles grow, they can eventually connect one and another
and form an ice lens, oriented perpendicular to the direction of heat
and water ﬂow. In fact, frost heave observed in ﬁeld or laboratory is
largely due to the ice lens formation associated with water migration.
It is observed that there exists a frozen zone between the growing
ice lens and the freezing front where the warmest pore ice exists. This
zone has been referred to as the frozen fringe by Miller (1977). Within
this frozen fringe the temperature drops from the freezing point at the
freezing front to the so-called segregational temperature at the warm
side of the ice lens. In response to this temperature drop, the pore
water pressure, unfrozen water content and permeability also decrease
through the fringe. The water pressure at the warm side of the lens,
which appears in suction, is affected by the segregational temperature
and the overburden pressure, through the Clapeyron equation in
thermodynamics (Konrad, 1989). The unfrozen water content and
the permeability decrease more or less exponentially with decreasing
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Williams (1976).
As freezing proceeds, the freezing front advances, the frozen fringe
becomes thicker and the temperature at the warm side of the growing
ice lens continues to drop. As a consequence, the unfrozen water
content as well as the permeability of the soil close to the ice lens de-
creases. Therefore, it becomes more and more difﬁcult for water to
ﬂow to the warm side of the ice lens. Meanwhile, somewhere between
the warmest ice lens and the freezing front (the speciﬁc location is a
balance between the temperature gradient, ice pressure, overburden
pressure and water ﬂow), ice particles start to grow and connect. The
water ﬂow will dominantly feed the accumulation of the pore ice at
this location. A new ice lens is then initiated.
There are alternative criteria governing the ice lens initiation
(Cheng, 1983; Gilpin, 1980; Konrad and Morgenstem, 1980; Konrad
and Morgenstern, 1981; Miller, 1977, 1980; O'Neill and Miller, 1980).
Sheng (1994) used a very simple criterion: a new ice lens appears
when and where the effective stress in the frozen fringe becomes
zero. The effective stress is the difference between the total stress and
a neutral stress. The neutral stress is a geometric average of the pore
water and pore ice pressures. A new ice lens appears when and where
the maximum neutral stress reaches the overburden pressure, namely
the effective stress vanishes. The generalised Clapeyron equation is
used to relate thewater pressure and ice pressurewith the temperature
within the frozen fringe.
Sheng (1994) and Sheng et al. (1995a,b) further develop the above
simple idea into a numerical model and a computer programme
(PCHeave) that can simulate the formation of discrete ice lenses in soil
and predict the one-dimensional frost heave. One key feature of the
model is that only a small number of soil parameters are involved and
all these parameters have physical meaning, such as dry density, initial
water content, degree of saturation and saturated permeability.
PCHeave is one of the few models that can be used to predict frost
heave in engineering practice. In particular it can be used to determine
if a given soil is frost susceptible under given environmental conditions
(overburden, groundwater table, temperature gradient and cooling
rate). In engineering practice such as selecting backﬁll materials for
rail or highway embankments, soils are often classiﬁed as frost suscep-
tible, weakly frost susceptible and not frost susceptible. While it is gen-
erally true that some soils are more prone to frost heave than others,
frost susceptibility is not just a soil property, rather a consequence of
soil and environment interaction. For example, clay is often considered
to be less frost susceptible than silt. However, a clayey soil can generate
substantial frost heave if the groundwater condition and the cooling
rate are favourable. Therefore, it is important to consider the inﬂuence
of environmental effects when determining the frost susceptibility of
soils.
PCHeave can also be used to determine if a frost heave mitigation
measure is effective. Engineering measures are often used to reduce
frost heave (Kinosita, 1989; Sheng, 1994; Ye et al., 2007). Commonmea-
sures include replacing frost susceptible soils with non-susceptible
ones, installation of insulation layers to reduce frost penetration, instal-
lation of capillary barrier to stop the water ﬂow and drains to reduce
surface water accumulation, and increasing overburden pressure. The
actual performance of these measures is however difﬁcult to assess
before construction, and can be affected by changing environmental
conditions. Numerical simulation using programmes like PCHeave
is perhaps the only possible way to assess systematically the perfor-
mance of a speciﬁc design method under different environmental
scenarios.
This paper presents a reﬁned version of the frost heave model of
Sheng (1994) and demonstrates its application in assessing the frost
susceptibility of soils. The original model was published in a PhD thesis
(Sheng, 1994) and a two-part journal paper (Sheng et al., 1995a,b). This
paper will ﬁrst present a simpliﬁed and reﬁned version of the frost
heave model and the associated computer programme PCHeave. Thereﬁned model is then used to assess the frost susceptibility of different
soils under different environmental conditions.
2. PCHeave — the frost heave simulation programme
2.1. Frozen fringe and ice lens initiation
The frost heave model in PCHeave is based on the rigid ice con-
cept proposed in Miller (1977, 1980). It relies on the existence of a
frozen fringe (Fig. 1). The frozen fringe is the area between the
growing ice lens and the warmest ice particles. The actual thick-
ness of the frozen fringe will depend on the soil properties, temper-
ature gradients and overburden pressure. In coarse-grained soils
like sand, its thickness is almost zero, whereas its thickness can
be substantial (N5 cm) in clays under high overburden pressure.
The physics of heat and mass transfer as well as the thermodynam-
ics of ice lensing within the frozen fringe are the essence of the frost
heave model.
The basic assumptions in the frost heave model are:
– The soil proﬁle is made of an arbitrary number of soil layers,
– The temperature gradients in each soil layer are linear, but may vary
with time,
– The permeability of the frozen fringe decreases exponentially as a
function of the temperature,
– The frozen fringe is always saturated by water or ice,
– The Clapeyron equation is valid for the ice–water system in the
frozen fringe,
– The rates of water ﬂow in the frozen fringe and in each unfrozen soil
layer are constant in space, but may vary with time,
– The pore ice particles in the frozen fringe are connected to the
warmest ice lens as a rigid body,
– A new ice lens appears in the frozen fringe when and where the
effective stress approaches zero,
– At any time, there is only one ice lens growing (old ice lenses stop
growing once a new ice lens forms), and
– The rate of frost heave is the same as the rate of ice lens growth.
The assumption that the frozen fringe is fully saturated by water and
ice is in accordance with Miller (1980), who stated, with reference to the
experimental data byDirksen andMiller (1966), that heave occurred only
if the total moisture content just behind the freezing front rose to about
90% pore saturation. The use of linear rates of water and heat ﬂowwithin
each soil layer andwithin the frozen fringe is reasonable and greatly sim-
pliﬁes themodel calculation. In addition,we can always divide a soil layer
into many sub-layers if necessary. The assumption of only one growing
ice lens is also reasonable for one-dimensional problems, as the new ice
lens will block the water ﬂow to the old ice lenses. The rigid ice concept
and the existence of the frozen fringe have been validated in Miller
(1977, 1980) and O'Neill and Miller (1980, 1985). They are the
foundation of the frost heave model. The validation of the model against
laboratory data andﬁeldmeasurements in Sheng (1994) and Sheng et al.
(1995a,b) provided further evidence of these key concepts.
One key concept here is the initiation of the new ice lens. A new
ice lens is initiated when and where the effective stress in the soil
approaches zero. The effective stress concept was based on that of
Bishop (1959) for ice-free unsaturated soils. For air-free freezing soil,
the effective stress is modiﬁed as follows:
σ ′ ¼ σ−n−I
n
uw−
I
n
ui ¼ σ−un ð1Þ
where σ is the total stress or the total overburden pressure, σ′ is the
effective stress, n is the soil porosity, I is the ice content, uw is the
pore water pressure, ui is the pore ice pressure, and un is the neutral
stress.
frozen soil
warmest ice lens
particle ice
unfrozen water
soil particles
frozen fringe
colder
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Fig. 1. Schematic view of frozen fringe and ice lens growth.
Fig. 2. Phase volumes and temperature proﬁle around frozen fringe.
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the ice–water interface is at equilibrium, the ice pressure, water pressure
and temperature are related through the Clapeyron equation:
uw
ρw
−ui
ρi
¼ L T
T0
ð2Þ
where ρw is the density of liquid water, ρi is the density of ice, L is the
speciﬁc latent heat of water, T0 is the freezing point of water in de-
gree Kelvin, and T is the temperature at the ice–water interface in
degree Celsius or the so-called segregational temperature (Konrad
and Morgenstern, 1981). The Clapeyron equation has widely been
used in frost heave models, but its validity has sometimes been
questioned. For example, Bronfenbrener and Bronfenbrener (2010)
recently argued that the Clapeyron equation only estimates the
drop in the freezing temperature and does not deﬁne the connection
with the external temperature gradient. It should be noted that the
temperature gradient is usually controlled by the heat transfer
equation. The Clapeyron equation is used in PCHeave, only to link
the water pressure in the frozen fringe to the temperature at the
ice–water interface, not to ﬁnd the temperature gradient in the fro-
zen fringe. While it is worthwhile to further investigate the validity
of this fundamental equation, we use it here in this paper as a basic
assumption.
Replacing (2) into (1) to eliminating the ice pressure leads to:
un ¼ 1−
I
n
þ I
n
ρi
ρw
 
uw−Lρi
I
n
T
T0
: ð3Þ
A new ice lens is initiated within the frozen fringe when and where
the neutral stress reaches the total stress or the total overburden pres-
sure. In other words, the effective stress approaches zero when and
where the new ice lens is initiated.
2.2. Heat and mass transfer
The equations for heat andmass (water and ice) transfer in PCHeave
are based on the quasi-steady assumption. A soil column is divided into
a number of zones as shown in Fig. 2. The temperature variation within
each zone is assumed to be linear. The heat balance equations at speciﬁc
locations can then be established (Sheng et al., 1995a). One reﬁnement
over the original model is that the frozen zone (x N xb, Fig. 2) and the
unfrozen zone (x b xf) are divided into a number of sub-zones, in anal-
ogy to the ﬁnite difference method. The mass transfer equations are
established based on an essential assumption that the pore ice and the
warmest ice lens are connected as a rigid body and move upwards atthe same rate of frost heave. The frozen fringe is assumed to be fully sat-
urated with unfrozenwater and pore ice, whereas the unfrozen soil can
be unsaturated and contains air (Fig. 2). Themass balance equations are
then established at speciﬁc locations such as the warm side of the
warmest ice lens (xb), the frozen fringe (xf N x N xb) and the unfrozen
zone (x b xf), as in the original model.
The heat and mass transfer equations are written in terms of key
variables like
– The growth rate of the warmest ice lens or the rate of frost heave, Vi
– The segregational temperature at the warmest ice lens (xb), Ts
– The rate of freezing front penetration, dxf/dt
– The rate of water ﬂow in the frozen fringe, vff
– The rate of water ﬂow in the unfrozen zone, vu.
As the governing equations are established based on the knowledge
of the location of the frozen fringe, its initial location (xf, xb) is assumed
to be known. Its new location is updated according to the frost penetra-
tion rate dxf/dt. The position of the warm side of the latest ice lens (xb)
remains unchanged unless a new ice lens appears within the frozen
fringe. The thickness and spacing of ice lenses depend on the solutions
to the key variables Vi, dxf/dt and ice lens initiation. A simple conver-
gence criterion is adopted when solving the governing equations: the
solution for the new location of the frozen fringe at time t + Δt
becomes steady.
Table 1
Material parameters for each soil layer used in PCHeave.
Material parameter Units
Bottom position of the soil layer cm
Thermal conductivity of soil solids W/mK
Water content by dry weight %
Dry density t/m3
Degree of saturation %
Saturated permeability 10−6 m/s
Unfrozen water content at−1 °C
(in percentage of initial water content)
%
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The governing equations in PCHeave contain a number of material
parameters that have to be determined. Such parameters include the
effective thermal conductivity and the permeability of a multi-layer
structure, the thermal conductivity and the permeability of a multi-
phase material, and the ice content of the frozen fringe.
The effective value of a conductive parameter of a stratiﬁed proﬁle
e.g. the effective thermal conductivity and the effective permeability,
can be represented by the harmonic mean:
Λ ¼ h h1
Λ1
þ h2
Λ2
þ ⋯
 
ð4Þ
where Λ denotes the effective value to be determined, h is the total
thickness, hi is the thickness of the ith layer, and Λ i is the parameter of
the ith layer.
The thermal conductivity of a soil saturated by water and ice can be
expressed by the geometric mean:
λsat ¼ λ1−ns λn−Iw λIi ð5Þ
where subscripts s, w and i respectively stand for soil solid, water and
ice. The thermal conductivity of an unsaturated soil is given by
Johansen (1973):
λ ¼ λsat−λdry
 
Ke þ λdry ð6Þ
where λdry is the thermal conductivity of the dry soil and Ke is a param-
eter called the Kersten number.
The permeability of a partially frozen soil is a function of the temper-
ature and the soil. The speciﬁc function used here is:
kff ¼ ku exp cT−cT fð Þ ¼ ku exp −bxþ bx fð Þ: ð7Þ
The parameter b in Eq. (7) can either be treated as an input param-
eter or as a ﬁrst approximation, be estimated as follows. O'Neill and
Miller (1985) proposed the following relationship:
kff ¼ ku
θu xbð Þ
n
 9
¼ ku
n−Ib
n
 9
ð8Þ
where θu is the unfrozen volumetric water content; the parameter b can
be determined by substituting Eq. (8) into (7).
The permeability of a partially saturated soil in the unfrozen state
can be approximated by a given saturated permeability (Hillel, 1971):
k ¼ ksatSmr ¼ ksat
n−I
n
 m
ð9Þ
where ksat is the saturated permeability andm is a soil parameter and a
default value of 9 is used in PCHeave, in accordance with Eq. (8).
The volumetric ice content (I) in the frozen fringe is the difference
between the porosity (n) and the unfrozen volumetric water content
(θu). The unfrozen water content is a function of the temperature or a
function of the pressure difference (uw − ui). The function given by
Kujala (1989) was used in PCHeave:
I ¼ n−θu Tð Þ ¼ n−θ0 exp αTβ
 
ð10Þ
where θ0 is the initial volumetric water content and α and β are two
constants depending on the speciﬁc surface area and pore geometry of
the soil (Anderson and Tice, 1973). The constant α is approximately 2
for most of the soils of interest. The constant β can be determined by
substituting into Eq. (10) an unfrozen water content at a subfreezing
temperature e.g.−1.0 °C.With Eqs. (4)–(10), the material parameters used in PCHeave are
greatly simpliﬁed. The ﬁnal parameters used in PCHeave are listed in
Table 1. The thermal conductivity of soil solids is around 2–3 W/mK
and the actual thermal conductivity of a soil is calculated according to
Eqs. (4)–(6). This parameter is kept as an input so that non-soil
materials such as insulation, snow and concrete can also be simulated
in PCHeave. The only ‘unusual’ soil parameter is the unfrozen water
content at −1 °C (in percentage of the initial water content). This
parameter is used to back-calculate the parameter α in Eq. (10). There
are various laboratory methods to measure the unfrozen water content
in freezing soils (e.g.Anderson and Tice, 1973; Liu and Li, 2012;Ma et al.,
2002; Smith, 1988). Alternatively it can be back-calculated from one
measured value of frost heave. Some typical values for this parameter:
30–60% for clay, 10–40% for silt and 0–20% for sand.
In addition to the material parameters, boundary conditions,
groundwater table, external load and geometric make-up of the soil
proﬁle must also be speciﬁed, as listed in Table 2. The temperatures at
the cold andwarm boundaries can be speciﬁed step-wisely in a number
of intervals (Table 3). The overburden pressure is the extra load applied
at the cold boundary. Soil self-weight is calculated automatically in
PCHeave. The size of the time step can affect the results, but the solution
converges as the step size is sufﬁciently small (see speciﬁc discussion
below). As the computation in PCHeave is extremely fast (usually in
seconds), an appropriate step size can be found by trial and error.
3. Frost susceptibility of different soils
The original frost heave model and the programme PCHeave have
been systematically validated against various laboratory data and ﬁeld
measurements (Sheng, 1994; Sheng et al., 1995a,b). The reﬁned version
can reproduce the same results in the original model, except that it is
more stable against time step size (discussed below). Here we will use
it to assess the so-called frost susceptibility of soils.
Soils are often classiﬁed into different groups according to their
potential to produce frost heave. In Scandinavia, soils are classiﬁed into
three groups: I, II and III (BYA84, cited in Sheng, 1994), with Group III
being most susceptible and Group I least susceptible to frost heave. In
China, the road-bed ﬁlling materials used in railway embankment are
classiﬁed into four groups: non-susceptible, weakly susceptible, suscep-
tible and strongly susceptible to frost heave (Liu et al., 2011; Ye et al.,
2007). The Chinese classiﬁcation is used in conjunction with the three
groups of embankment backﬁlls (A, B and C). For example, Group A ﬁll
is not susceptible to frost heave and Group C is strongly susceptible to
frost heave. The frost susceptibility of Group B ﬁll depends on its ﬁne
content (Liu et al., 2011) or its initial water content (Ye et al., 2007).
While these classiﬁcations are very helpful for engineers to choose
appropriate materials to mitigate frost heave, the actual amount of
frost heave is often the consequence of the interaction between the
soil and the environment. We will show that a soil that is classiﬁed as
weakly susceptible to frost heave (e.g. the Swedish Group II soil or the
Chinese Group B soil) can actually produce a substantial amount of
heave if the environmental conditions are favourable.
Three soils are studied here and their properties are listed in Table 4.
These soils are sand, the Piteå silt and the Sunderbyn clay from north
Table 2
General input parameters in PCHeave.
Parameter Units
Number of material layers
Total depth of the soil proﬁle cm
Number of temperature intervals at the cold boundary
Number of temperature intervals at the warm boundary
Overburden pressure at the ground surface kPa
Groundwater table from the ground surface cm
Total time length h
Time step used in the computation s
Table 4
Thermo-physical properties of three soil samples.
Soil properties Sand Piteå silt Sunderbyn clay
Swedish classiﬁcation I III II
Dry density (t/m3) 2.0 1.5 1.0
Initial gravimetric water content (%) 10 26.7 80
Degree of saturation 50 100 100
Saturated permeability (10−8 m/s) 1000 10 0.01
Thermal conductivity of soil solids (W/mK) 3 3 3
Unfrozen/initial water content at−1 °C 10 30 60
(a) Predicted heave vs overburden pressure.
av
in
g 
ra
te
 (m
m
/h
o
u
r) Points: data of Penner & Ueda
Lines: computed from PCHeave
Soil No 9
No 4
No 2No 5
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ity groups. Their thermo-physical properties are measured in the
laboratory (Sheng, 1994). The unfrozen water contents were given by
Knutsson et al. (1985) and Pusch (1977). The permeability values in
Table 4 are based on experience of the soils and are only accurate to
the given order of magnitude.
3.1. Effect of overburden pressure
We ﬁrst look at the frost heave generated in the three soils under the
same thermal and hydraulic conditions, but varying overburden pres-
sures. A soil column of 50 cm long is considered for this purpose. The
soil column is subjected to a constant cold temperature of −4 °C at
the top and a constant warm temperature of +4 °C at the bottom.
The water level is ﬁxed at the bottom of the soil column. The total
time of freezing is 240 h. Fig. 3 plots the amounts of frost heave gener-
ated in the three soils under different overburden pressures. It is shown
that the Piteå silt indeed generates the largest heave under lower
overburden pressures, while the sand the least. The Sunderbyn clay
generates only a modest amount of heave, but continues to heave
under higher pressures. Indeed, the Sunderbyn clay generates about
the same amount of heave as the Piteå silt when the overburden pres-
sure exceeds 600 kPa. This is an important behaviour of clayey soils
and has signiﬁcant engineering implications. Clays are often classiﬁed
as weakly susceptible to frost heave. They have very low permeability,
and hence it is difﬁcult for water to ﬂow into the frozen fringe to feed
the growing ice lens. However, this type of soil can generate very high
heaving pressure. For example, if the amount of heave is limited to
5 mm in Fig. 3, the Sunderbyn clay can generate a heaving pressure
around 600 kPa.
The effect of overburden pressure on frost heavewas also studied by
Penner and Ueda (1977) in a series of uni-directional freezing tests in
four silty soils. The physical properties of these soils are given in
Sheng et al. (1995a). Fig. 3b compares the computed and measured
heaving rates under different overburden pressures. The trend is well
captured by PCHeave.
Fig. 4 illustrates the effect of overburden pressure on ice lensing and
frozen fringe. As the overburden pressure increases, the initiation of
new ice lenses becomes more difﬁcult, leading to thicker frozen fringe
and fewer ice lenses. Other consequences of the overburden pressure
are that it decreases the segregational temperature at the warmest ice
lens and increases the suction at the freezing front, as shown in Fig. 5.
The cyclic behaviour of the segregational temperature corresponds to
the formation of individual ice lenses. The maximum suction in pore
water pressures occurs at the start of the step freezing test,which agrees
with the experimental observation of Eigenbord et al. (1996). The
overall effects of overburden pressure agree well with the ClapeyronTable 3
Boundary temperature speciﬁcation in PCHeave.
For each temperature interval Units
Ending time of the interval h
Temperature in the interval Cequation of thermodynamics as well as with laboratory observation
(e.g., Azmatch et al., 2012; Horiguchi and Akagawa, 1989). Fig. 4 also
shows that the thickest ice lenses occur near the ﬁnal freezing front, a
typical feature of uni-directional freezing tests with constant boundary
temperatures (e.g., Azmatch et al., 2012; Penner and Ueda, 1977).
The sand with properties listed in Table 4 generated only 0.06 cm
heave under zero overburden pressure. This type of soil is usually clas-
siﬁed as frost non-susceptible in various standards. The essential reason
for the small amount of heave is its low unfrozen water content,
according to the model presented in this paper. The low unfrozen
water content in the frozen fringe inhibits the water ﬂow that provides
themass for the ice lens growth. A slight increase in the unfrozen water
content can lead to a signiﬁcant increase in the computed heave, as
shown in Fig. 6. The unfrozen water content at a subfreezing tempera-
ture depends very much on the soil speciﬁc surface and pore geometry
of the soil (Anderson and Tice, 1973), which is in turn affected by the
ﬁne content in the soil. Fig. 6 shows that the predicted heave increases
from 0.06 cm to 2.28 cm as the unfrozen water content at −1 °C in-
creases from 1% to 1.5% (from 10% to 15% of the initial water content).
All the other properties were kept constant in obtaining Fig. 6. In reality,
as the unfrozenwater content increases, the permeability of the soil will(b) Computed vs measure heaving rate.
Overburden pressure (kPa)
H
e
Fig. 3. Frost heave generated in three soil samples under varying overburden pressures.
0 kPa 100 kPa 200 kPa 500 kPa
Freezing front
Ice lens
Fig. 4. Ice lenses formed in Piteå silt under different overburden pressures.
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water content. In engineering practice, coarse grained soils are often
used to replace frost susceptible soil in railway and highway embank-
ment foundations. It is important to realise that these materials can
still generate a signiﬁcant heave if there is sufﬁcient ﬁne content in
them.
3.2. Effect of cooling rate and temperature gradient
We further explore the effects of freezing modes and temperature
gradients on ice lensing and frost heave. Laboratory freezing tests are
often carried out in one of the twomethods: step freezingwith constant
temperatures at the ends of the soil column or ramped freezing with
constant cooling rate at the ends of the soil column. Neither of these
freezing modes are an accurate representation of the real situation
in ﬁeld. In engineering applications, the amount of freezing is often
represented by the freezing index: the product of surface temperature
(degree) and the length of time (days). The freezing index is a coarse
measure of the winter coldness and length, but is not directly related
to the temperature gradient in the ground or the cooling rate at the
ground surface. Therefore, it is of interest to study the effects of these
variables' frost heave.
Fig. 7 compares the frost heave and ice lensing characteristics of the
50 cm column of Piteå silt under different freezing modes. Fig. 7a was
obtained with a constant temperature of −4 °C at the upper end and
+4 °C at the lower end. These temperatures were changed to−7.5 °C
and +7.5 °C in Fig. 7b, respectively. Fig. 7c–d was obtained with
ramped freezing. In Fig. 7c, both the upper and lower end temperaturesSe
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Fig. 5. Segregational temperature and pore water pressure in Piteå silt under different.were changing with time so that the temperature gradient within the
soil column remained constant. In Fig. 7d, only the upper end tempera-
ture was changing. Comparing Fig. 7b with Fig. 7c reveals that increas-
ing temperature gradient reduces the thickness of frozen fringe and
increases frost heave, even though the frost depth and the average
segregational temperature don't change signiﬁcantly. The ice lenses
become thicker as the freezing front stabilises with time. The last ice
lens is also much thicker for the higher temperature gradient. Since
the time length is kept constant (240 h or 10 days), a higher tempera-
ture gradient also means a larger freezing index.
Comparing Fig. 7c with Fig. 7a reveals that the ramped freezing
mode tends to generate more individual ice lenses and these ice lenses
aremore uniform in thickness and in distribution. Note that the temper-
ature gradient and the freezing index in Fig. 7a and c are the same. Slow
cooling is in general favourable to ice lens formation and frost penetra-
tion, but not necessarily thicker ice lenses. This is also conﬁrmed from
thewarmer segregational temperature in Fig. 7c. Fig. 7d is perhaps clos-
est to the ﬁeld situation where only the ground surface temperature
drops. The temperature gradient within the soil column is no longer
constant. The ice lensing characteristics and the segregational tempera-
ture are similar to those of Fig. 7c,with very uniform ice lenses. The total
frost heave in Fig. 7d is marginally higher than that in Fig. 7a.
The effect of cooling rate on frost heave is further studied in Fig. 8.
The computed heave at either ﬁxed freezing time or ﬁxed freezing
index (FI) is plotted against the cooling rate. In either case, the temper-
ature at the upper end of the soil column is reduced at certain rates,
while the temperature at the lower end isﬁxed at−4 °C. The computed
heave at the ﬁxed time (240 h = 10 days) increases with increasingFig. 6. Frost heave generated in the sand with different unfrozen water contents.
(a) (b) (c) (d)
Fig. 7. Effects of temperature gradient and cooling rate on ice lensing and frost heave.
33D. Sheng et al. / Cold Regions Science and Technology 95 (2013) 27–38cooling rate. The increasing rate is more pronounced for the Piteå silt
than for the Sunderbyn clay. On the other hand, the computed heave
at the ﬁxed freezing index (45 °C days) generally decreases with in-
creasing cooling rate, implying that a gentle but longerwinter can result
inmore frost heave than a cold but shorterwinter. Again, the Sunderbyn
clay is less affected by the cooling rate than the Piteå silt. There seems to
be a least favourable cooling rate which results in a maximum frost
heave. This cooling rate is very small (0.0067 °C/h for Piteå silt and
0.0017 °C/h for the Sunderbyn clay). Below this cooling rate, it is likely
that the suction developed at water–ice interface is so small that
water ﬂow becomes difﬁcult.
The effect of temperature gradient on frost heave is further illustrated
in Fig. 9. The temperatures at both ends of the soil columnwere changed
simultaneously so that the freezing front remains more or less at the
same location. The computed heave at 240 h is almost linearly related
to the temperature gradient in the double logarithmic plot, until the tem-
perature gradient becomes extremely high (~1 °C/cm). It is also interest-
ing to note that the clay can generate almost the same amount of heave
as the silt at very high temperature gradients, another piece of evidence
that the frost susceptibility of a soilmust be assessedwith environmental
conditions.H
ea
ve
 (c
m
)
Cooling Rate (oC/hour)
Fig. 8. Effect of cooling rate on frost heave (computed heave at either ﬁxed time or ﬁxed
freezing index).The observed effects of temperature gradient and cooling rate on
frost heave can be explained as follows. In the case of step freezing
(Fig. 7a–b and Fig. 9), an increase in the overall temperature gradient
can lead to a decrease in the thickness of the frozen fringe, while the
segregational temperature remains more or less unaffected (Fig. 7a vs
Fig. 7b). Therefore, the pore water pressures (in suction) at the base
of the warmest ice lens and the freezing front remain more or less con-
stant, but the hydraulic gradient across the frost fringe is increased. Con-
sequently the water ﬂow across the frozen fringe and hence the frost
heave increases. Because the temperatures at both ends of the soil col-
umn are ﬁxed, the rate of frost penetration decreases with time and
eventually stops as the temperature ﬁeld stabilises. Therefore, the ice
lenses become thicker and thicker (Fig. 7a–b).
In the case of ramped freezing for a ﬁxed time length (Fig. 7c–d and
Fig. 8), the temperature everywhere within the soil column drops and
freezing front advances continuously. The frozen fringe also moves
downwards continuously, while its thickness is only affected by the
overall temperature gradient. Ice lenses form under more or less the
same thermal and pressure conditions, and therefore their thickness
and spacing aremore uniform, leading to approximately constant heav-
ing rate. An increase in the cooling rate causes a deeper frost penetration
and hence more ice lenses and larger heave. However, in the case ofFig. 9. Effect of temperature gradient on frost heave (heave computed at 240 h, frost pen-
etration remains approximately constant).
34 D. Sheng et al. / Cold Regions Science and Technology 95 (2013) 27–38ramped freezing for a ﬁxed freezing index (Fig. 8), the time length for a
larger cooling rate is reduced. The heaving rate decreases with increas-
ing cooling rate, because a smaller cooling rate generally favours the
water ﬂow in the frozen fringe and the growth of ice lenses. Therefore
the total amount of heave under the ﬁxed freezing index decreases
with increasing cooling rate.
3.3. Effect of groundwater table
Another important environmental factor that affects frost heave is
the availability of ground water. Indeed, one of the frost heave mitiga-
tion measures used in practice is to install a capillary barrier or water-
tight membranes to shut off or slow down the ﬂow of ground water
that feeds the growth of ice lenses (Kinosita, 1989). The groundwater
table (GWT) provides the source of mass needed by ice formation. The
pioneering investigation of frost heave by Beskow (1935) showed that
lowering the GWT leads to a smaller rate of heaving. The experimental
studies by Kinosita (1979) also demonstrated that the higher the initial
water level was, the larger the heave amount would be.
In this case, the groundwater table (GWT) in the 50 cm soil column
is changedwhile all other parameters are ﬁxed. The soil above the GWT
is assumed to be fully saturated by capillary. Fig. 10 plots the computed
heave against the GWT location from the upper end of the soil column.
It is shown that the computed heave increases with rising GWT. When
the GWT rises above the frost front, the computed heave increases dra-
matically. It is of interest to note that the Sunderbyn clay can actually
generate more heave than the Piteå silt when the GWT rises close to
ground surface, further proving that the frost susceptibility of a soil
must be assessed together with the environmental conditions. Raising
the GWT increases the hydraulic gradient within the unfrozen soil and
frozen fringe, and hence increases the water ﬂow rate that feeds the
ice lenses. Fig. 11 further reveals that more ice lenses form as the GWT
rises (Fig. 11b vs Fig. 11a). The segregational temperature also increases
somewhat with rising GWT. When the GWT is close to the ground
surface (the cold boundary), the water ﬂow is sufﬁciently fast to feed
the growth of the ﬁrst and only ice lens, and as such the freezing front
stops advancing (Fig. 11c).
Sheng (1994) studied an interesting case where the rising of GWT
has caused a signiﬁcant increase of heave which in turn caused damage
to a residential house. The site of the example problem is located outside
the town of Jokkmokk in northern Sweden. Damage of an uninsulated
house has been observed and the distortion is suspected to be related
to the rising of the GWT, from the depth of 4.3 m to 3.3 m, due to the
rising of thewater level in a neighbouringwater reservoir. The damages
have been observed since the second spring after the rising of the
GWT (Sheng, 1994). The soil proﬁle under the displaced house is
shown by Fig. 12. Outside the house, the average thickness of the
snow cover on the ground surface during winter period, which is
about 180 days at Jokkmokk, is 50 cm. The snow layer is treated as
a frost non-susceptiblematerial and as such the frost penetrationwithin
it is neglected. Themean cold temperature during the period is−13 °C.Fig. 10. Effect of groundwater table on frost heave.The ground temperature remains approximately constant at 5 °C at 5 m
deep. It is assumed that the ground surface is ﬂat so that the one-
dimensional model can be used to calculate the heave amount and
frost depth outside the house, both before and after the rising of the
GWT.
The underlying soil is a sandy silt and its main properties are deter-
mined by laboratory tests as follows: passing 0.063 mm (silt) 51.2%,
passing 0.002 mm (clay) 0.9%, dry density ρd = 2 t/m3, saturated
water content w = 14% by dry weight, saturated permeability at
ksat = 1.4 × 10−7 m/s, and total capillary head of 300 cm. In addition,
it is assumed that the unfrozen water content at −1 °C is 3% by dry
weight and the thermal conductivity of the soil solid is 3 W/mK. The
total capillary head is assumed to consist of 150 cm saturated, 100 cm
with 90% saturation and 50 cm with 80% saturation. The degree of
saturation above the capillary zone equals 70%. The capillary head varies
in accordance with the changes in the GWT.
The computed values of heave and frost depth are plotted versus the
depth of the GWT in Fig. 13. It can be noted that as the GWT rises, the
heave amount increases but the depth of frost penetration decreases.
The predicted heave increases from 1.0 to 4.2 cm, i.e. 420%, when the
GWT is raised from 4.3 to 3.3 m deep. This amount of increase in
heave might be the cause of the damage observed in the residential
house.
In this case, the rise of the GWT has double effects: increasing the
degree of saturation and hence the permeability of the soil, as well as
increasing the hydraulic head by reducing the ﬂow path. As results,
the rate of water ﬂow and hence the computed heave increased signif-
icantly. Raising the GWT also reduces the frost penetration, for in-
creased water ﬂow brings a large amount of latent heat to the frozen
fringe. In addition, higher degrees of saturation mean more latent heat
available in the soil and more difﬁcult to freeze. The results shown in
Fig. 13 are qualitatively in agreement with the experimental observa-
tions by Kinosita (1979).
3.4. Effect of cyclic loading and mud pumping
Another factor that plays a similar role as the groundwater table is
the cyclic nature of trafﬁc loads. It is well known that cyclic loads can
result in accumulated plastic volumetric strain under drained condition,
or positive pore water pressure under undrained condition. The pore
pressure build-up is the essential reason for liquefaction of silty sand
under cyclic loads. In railway engineering, the so-called mud pumping
phenomenon, which refers to the upward ﬂow of ﬁne contents to the
ballast layer under rail tracks, is caused by the build-up of positive
pore water pressure in the subgrade soil which ‘pumps’ up the water
and ﬁne contents into the ballast layer. This phenomenon can interact
with the frost heave mechanism. It increases the hydraulic gradient
and hence the water ﬂow towards the frozen fringe, leading to ice
lens formation in the coarse sub-base that is originally not frost suscep-
tible and is initially located above the groundwater table.While the pre-
diction of positive pore pressure build-up in ﬁne grained soils under
cyclic loads is outside the scope of this paper, we can demonstrate
that substantial frost heave can indeed occur in coarse materials if the
pore pressure in the underlying subgrade is built up sufﬁciently.
A two-layered soil proﬁle is shown in Fig. 14. The upper layer is
a 250 cm thick coarse material and is not susceptible to frost heave
under normal conditions. The lower layer is a frost susceptible ﬁne-
grained soil, but is located below the normal frost depth. The ground
water table is located at the bottom of the upper layer. The soil proper-
ties and boundary conditions are also shown in Fig. 14. Under these
conditions, the maximum frost heave is only 0.66 cm for 2400 h of
freezing (Fig. 15), which is tolerable even for high-speed railways.
However, if an excess pore pressure of 20 kPa is generated within ﬁne
subgrade soil due to cyclic loading, the computed frost heave increases
to 2.01 cm, which is above the design limit (15 mm) of high-speed rail-
ways in China. Fig. 15 also shows that the computed heave with mud
(a) (b) (c)
Fig. 11. Effect of groundwater table on ice lensing and frost heave in Sunderbyn clay.
35D. Sheng et al. / Cold Regions Science and Technology 95 (2013) 27–38pumping effect does not ﬂatten out with time. The computed frost
penetration depth is also greatly affected by the mud pumping effect.
It should be noted that the excess pore pressure of 20 kPa in the ﬁne
soil was assumed to remain constant during the freezing period in the
analysis. As such, the results in Fig. 15 are only indicative. To simulate
the real mud pumping effect, a key issue is to determine the excess
pore water pressure caused by the magnitude and frequency of theFig. 12. Soil proﬁle with varying groundwater table and degrees of saturation (cyclic load. This pore pressure can then be added to the water ﬂow
equation, i.e. Eq. (8).
3.5. Effect of time step
In the computations above, the size of time step is ﬁxed at 120 s for
the 240 hour freezing period. It would be of interest to check if theFS = 0 for frost non-susceptible layer, FS = 1 for frost susceptible layer).
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36 D. Sheng et al. / Cold Regions Science and Technology 95 (2013) 27–38computed heave and ice lensing characteristics are dependent on the
size of time step. In fact, frost heave models that simulate the formation
of discrete ice lenses often exhibit a time-step dependency. For example,
Sheng (1994) tested themodel byGilpin (1980) and found that the com-
puted heave could increase by 10% if the time step is doubled. In the orig-
inal model of Sheng et al. (1995a,b), the predicted frost heave showed
less dependency on the step size than the ice lensing characteristics.
Fig. 16 compares the performance of the reﬁned model with the
original model. Both models are relatively robust until the step size be-
comes unreasonably large. The predictedheave becomesunstablewhen
the step size is larger than 3000 s in the reﬁnedmodel and 1000 s in the
original model. Fig. 17 shows the ice lensing characteristics, frost pene-
tration, frost heave and segregational temperatures obtained with dif-
ferent step sizes. These quantities are all stable in the reﬁned model
until the step size is larger than 3000 s. The locations of thin ice lenses
are however somewhat affected by the step size, even though the over-
all thickness of all lenses remains the same when the step size is less
than 3000 s. For a step size of 10,000 s, the predicted ice lenses, frost
heave and frost penetration are all wrong. It is worth noting that the ac-
tual running time of PCHeave is extremely fast. On a MacBook Pro with
an Intel Core i-72820QM processor (2.3 GHz and 8 GB RAM), it took
only 30 seconds' time to run the analysiswith step size of 1 s. Therefore,
it is computationally very cheap to check if the computed results are re-
liable, by simply repeating the analysis with step sizes of different
orders.
4. Conclusions
A simple frost heave model is presented in this paper. Frost heave is
assumed to be caused by the formation of rigid ice lenses in a freezingFig. 14. Soil proﬁle with pore pressure build-up in subgrade soil due to cyclic loading.soil. The formation of ice lenses is governed by the Clapeyron equation
of thermodynamics and relies on the existence of a frozen fringe be-
tween the frozen and unfrozen zones. The unfrozen water in the frozen
fringe facilitates thewater ﬂow that feeds the growth of thewarmest ice
lens. The initiation of a new ice lens is governed by a simple effective
stress principle: a new ice lens initiates when and where the effective
stress in the frozen fringe approaches zero. One of themain advantages
of the frost heave model is that it contains only a few soil parameters,
including the dry density, initial water content, saturated permeability
of unfrozen soil, initial degree of saturation, and unfrozenwater content
at a given subfreezing temperature. The model can be used to compute
frost heave and frost penetration in one-dimensional, stratiﬁed soil
proﬁles.
The frost heave model is used to assess the frost susceptibility of dif-
ferent soils. It is shown that environmental conditions such as overbur-
den pressure, temperature gradient, cooling rate and groundwater table
are important factors that affect the rate of frost heave and ice lensing
characteristics in a freezing soil. Overburden pressure prevents frost
heave by thickening the frozen fringe and impeding the formation and
growth of ice lenses. The effect of overburden pressure is more effective
on silts than on clays. Increasing temperature gradient facilitates frost
heave by reducing the thickness of the frozen fringe and hence the spac-
ing of ice lenses. Increasing cooling rate generally leads to deeper frost
penetration and larger frost heave at a ﬁxed freezing time, but smaller
heave at a ﬁxed freezing index. Raising the groundwater table generally
leads to larger heave, because the degree of saturation (and hence the
permeability) of the soil and the hydraulic gradient all increase. A clayey
soil that has a very small permeability is particularly sensitive to the
depth of groundwater table, and it can generate a substantial amount
of heave in the case of a shallow groundwater table. Ice lens formationRefined PCHeave
Original PCHeave
Fig. 16. Effect of time step size on computed heave in Piteå silt at 240th hour.
(a) (b) (c) (d) (e)
Fig. 17. Effect of time step on ice lensing and frost heave in Piteå silt.
37D. Sheng et al. / Cold Regions Science and Technology 95 (2013) 27–38and frost heave can also occur in coarse soils that are usually not suscep-
tible to frost heave. For example, cyclic loads can cause excess pore pres-
sure in subgrade soils which in turn facilitates the water ﬂow and ice
lens formation in the coarse sub-base. Therefore, the frost susceptibility
of a soil must be assessed together with environmental conditions such
as overburden pressure, temperature gradient, cooling rate and depth of
groundwater table. A soil that is not susceptible to frost heave according
to classiﬁcations can still generate a signiﬁcant amount of heave or
heaving pressure under favourable environmental conditions.
The computer programme based on the reﬁned frost heave model,
PCHeave, is very simple to use and is computationally extremely fast.
The computed results are less dependent on the time step size,
compared with the original model.
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